At second order in perturbation theory, the r-modes of uniformly rotating stars include an axisymmetric part that can be identified with differential rotation of the background star. If one does not include radiation-reaction, the differential rotation is constant in time and has been computed by Sá. It has a gauge dependence associated with the family of time-independent perturbations that add differential rotation to the unperturbed equilibrium star: For stars with a barotropic equation of state, one can add to the time-independent second-order solution arbitrary differential rotation that is stratified on cylinders (that is a function of distance ̟ to the axis of rotation). We show here that the gravitational radiation-reaction force that drives the r-mode instability removes this gauge freedom: The expontially growing differential rotation of the unstable second-order r-mode is unique. We derive a general expression for this rotation law for Newtonian models and evaluate it explicitly for slowly rotating models with polytropic equations of state.
I. INTRODUCTION
Unstable r-modes [1, 2] may limit the angular velocity of old neutron stars spun up by accretion and may contribute to the spin-down of nascent neutron stars (see [3] [4] [5] [6] for references and reviews). Spruit [7] argued that angular momentum loss from the star would generate differential rotation, because the loss rate depends on the mode shape and varies over the star. Growing differential rotation winds up and amplifies the star's magnetic field, and Rezzolla and collaborators [8] [9] [10] , studied the possibility that the energy lost to the magnetic field would damp out the r-mode instability. (In Spruit's scenario, a buoyancy instability of the greatly enhanced magnetic field could power a γ-ray burst.) To estimate the magnetic-field windup, Rezzolla et al. used a drift velocity of a fluid element; this is second-order in perturbation theory, but because the second-order velocity field had not been computed, they estimated it by integrating the first order velocity field. Subsequently, Cuofano et al. [11, 12] used this estimate of drift velocity to study the evolution of the r-mode instability damped by magnetic field wind-up.
1 Following Spruit's work, Levin and Ushomirsky found the differential rotation of the unstable r-mode in a toy * Electronic address: friedman@uwm.edu † Now at The Ayn Rand Institute, 2121 Alton Parkway, Irvine, CA 92606, USA 1 Work by Abbassi, et al. [13] also looks at the damping of r-modes due to a magnetic field; here, however, the magnetic dissipation arises from magnetic diffussivity in a linearized MHD treatment.
model of a spherical shell of fluid [14] . Sá [15] then carried out the first computation of the differential rotation associated with a stable r-mode of uniformly rotating barotropic Newtonian stellar models and, with collaborators, looked at implications of the calculation for the unstable mode [16, 17] . The differential rotation arises at second order in perturbation theory as a timeindependent, axisymmetric part of the solution to the perturbed Euler equations; for the r-mode whose linear part is associated with the angular harmonic Y ℓℓ , Sá's solution has the form
N Ω(̟). (1) Here α measures the amplitude of the first-order perturbation, C Ω is dimensionless and of order unity, the z-axis is the axis of rotation, and ̟ is the distance from the axis. The function δ
N Ω(̟) is arbitrary. This ambiguity in the rotation law is present for the following reason. One can perturb a uniformly rotating barotropic star by adding differential rotation, changing the angular velocity from Ω to Ω + δΩ(̟). If δΩ(̟) is chosen to be quadratic in α, δΩ(̟) = α 2 δ
N Ω(̟), it and the corresponding timeindependent perturbations of density, pressure, and gravitational potential Φ, constitute a solution to the timeindependent second-order perturbation equations. Cao et al. [18] use a particular choice of δ (2) Ω to recompute the magnetic damping.
In the present paper, we show that the second-order radiation-reaction force removes the ambiguity in the differential rotation associated with the Newtonian rmodes. In effect, the degeneracy in the space of zerofrequency solutions is broken by the radiation-reaction force, which picks out a unique differential rotation law that depends on the neutron-star equation of state. We find an explicit formula for that rotation law for the unstable r-modes of slowly rotating stars.
To lowest nonvanishing post-Newtonian order, the growth time τ of the radiation-reaction driven (CFS) instability of an r-mode is given by
where C β is a dimensionless constant that depends on the equation of state. In using the Newtonian Euler equation together with the radiation-reaction force at lowest nonvanishing post-Newtonian order, we are neglecting radiation-reaction terms smaller by factors of O(RΩ/c) and O(GM/Rc 2 ); this means, in particular, that we keep only terms linear in the dimensionless parameter β/Ω.
Three small parameters appear in the paper: The amplitude α of the perturbation, the dimensionless growth rate β/Ω, and, in the final, slow-rotation part of the paper, the angular velocity Ω. For the logic of the paper, it is helpful to note that these three parameters can be regarded as independent of one another. The growth rate β can be varied by changing the equation of state of the material while keeping α and Ω fixed; for example, in polytropes (stars based on the polytropic equation of state p = Kρ n ), one can change β by changing the polytropic constant K.
The plan of the paper is as follows. Sect. II lists the equations governing a Newtonian star acted on by a postNewtonian radiation-reaction force, with the star modeled as a self-gravitating perfect fluid. In Sect. III, we discuss first-and second-order perturbations of a uniformly rotating star. From the second-order equations, we obtain a formal expression for the unique differential rotation law of an unstable r-mode in terms of the first-order perturbations and second-order contributions that will turn out to be of higher-order in Ω. Up to this point in the paper, the analysis holds for rapidly rotating stars. In Sect. IV, we specialize to a slowly rotating background, keeping terms of lowest nonvanishing order in Ω and thereby obtaining an explicit formula for the radiation-reaction induced differential rotation.
Our notation for fluid perturbations is chosen to make explicit the orders of the expansions in the amplitude α and angular velocity Ω. The notation is defined as it is introduced in Secs. II and III, but, for easy reference, we also provide a table that summarizes the notation in Appendix A. We use gravitational units, setting G = c = 1.
II. NEWTONIAN STELLAR MODELS
Let Q = {ρ, v a , p, Φ} denote the collection of fields that determine the state of the fluid in a self-gravitating Newtonian stellar model. The quantity ρ represents the mass density, v a the fluid velocity, p the pressure, and Φ the gravitational potential. For a barotropic equation of state p = p(ρ), the specific enthalpy h of the fluid is
and we define a potential U by
The evolution of the fluid is determined by Euler's equation, the mass-conservation law, and the Poisson equation for the Newtonian gravitational potential. These equations may be written as
The version of the Euler equation that we use, Eq. (4), includes f GR , the post-Newtonian gravitational radiation-reaction force (per unit mass). This force plays a central role in the nonlinear evolution of the r-modes that is the primary focus of our paper. It is given by
where ℜ(Z) denotes the real part of a complex quantity Z. The quantities I ℓm and S ℓm are the complex mass and current multiple moments of the fluid source (cf. Thorne [19] Eqs. 5.18a,b) defined by,
with N ℓ the constant
The functions Y ℓm are the standard spherical harmonics, while the Y ℓm B are the magnetic-type vector harmonics defined by
We use the normalizations 1 = |Y ℓm | 2 d cos θdφ and
cos θdφ for these spherical harmonics. In Cartesian coordinates r is given by r = (x, y, z), while in spherical coordinates r = (r, 0, 0). We point out that this expression for the gravitational radiation-reaction force, Eq. (7), agrees with the mass-multipole part of the force given by Ipser and Lindblom [20] . It also agrees with the current-multipole part of the force given by Lindblom, et al. [21] (following Blanchet [22] and Rezzolla, et al. [23] ) for the ℓ = 2 and m = 2 case. The general form of the force given in Eq. (7), however, is new.
The post-Newtonian radiation-reaction force is gauge dependent, so the expression for it is not unique. The force given in Eq. (7) implies a time-averaged (over several oscillation periods) power dE/dt | GR (which is gauge invariant), and angular momentum flux d J /dt | GR lost to gravitational waves that agree with the standard post-Newtonian expressions, cf. Thorne [19] . We present expressions for these flux quantities in Appendix B that are equivalent to, but are somewhat simpler than the standard ones.
We consider small perturbations of rigidly rotating, axisymmetric, barotropic equilibrium models (models with a barotropic equation of state). The fluid velocity in these equilibria is denoted
where φ generates rotations about the z axis; in Cartesian coordinates, φ = (−y, x, 0). For barotropic equilibria, Euler's equation reduces to
where h is the enthalpy of the fluid and ̟ is the cylindrical radial coordinate, ̟ 2 = x 2 + y 2 . The surface of the star is the boundary where the pressure and the enthalpy vanish: p = h = 0.
III. PERTURBED STELLAR MODELS
We denote by Q(α, t, x) a one-parameter family of stellar models. For each value of the parameter α, Q(α, t, x) satisfies the full nonlinear time-dependent Eqs. (4)- (6) . We assume that the model with α = 0 is an axisymmetric equilibrium model, as described in Eqs. (12)- (13) . The exact perturbation δQ, defined as the difference between Q(α) and Q(0), may be expanded in powers of the perturbation parameter α:
where δ (n) Q is defined by
We consider constant-mass sequences of stellar models, i.e., models whose exact mass perturbations, δM = δρ(α, t, x) √ g d 3 x vanish identically for all values of α. The integrals of the n th order density perturbations therefore vanish identically for these models:
The exact (to all orders in the perturbation parameter α) perturbed evolution equations for these stellar models can be written in the form
where £ φ is the Lie derivative along the vector field φ, and ρ is the density of the unperturbed star. The exact perturbed gravitational radiation-reaction force δ f GR that appears in Eq. (18) is given by
where
It is convenient to decompose the perturbations δQ into parts δ N Q that satisfy the pure Newtonian evolution equations, and parts δ R Q caused by the addition of the gravitational radiation-reaction force. In particular the non-radiative stellar perturbations δ N Q satisfy the perturbed Euler equation:
When the effects of gravitational radiation-reaction are included, the complete perturbation, δQ, satisfies the Euler equation driven by the gravitational radiationreaction force
A. First Order Perturbations
The classical first-order (in powers of α) r-modes have angular and temporal dependence
where ψ N = ω N t + mφ, with m = 0. The tensor
is the projection operator orthogonal to φ a , and δ
(1)
NQ (̟, z) depends on the cylindrical coordinates ̟ and z, but not on φ or t. The origin of time has been chosen to give the perturbations definite parity under the diffeomorphism φ → −φ at t = 0. We use the term φ-parity to mean parity under this transformation. The subscripts ± indicate that δ
NÛ − , and δ
NΦ − are parts of odd φ-parity scalars, while δ
+ is part of an even φ-parity vector field.
When gravitational radiation reaction is included, the Euler equation is altered by the relatively weak radiationreaction force f GR . The first order radiation-reaction force can be written in the form:
where δ
⊥ f GR+ is the even φ-parity part of the radiationreaction force that is orthogonal to δ N v + and that therefore does not contribute directly to the energy evolution of the mode. Equation (21) implies that the odd φ-parity part of the radiation-reaction force, δ (1) ⊥ f GR− , vanishes when the classical r-mode is chosen to have the φ-parity given in Eqs. (26)-(29). The gravitational radiation-reaction force causes an instability by introducing an imaginary part β to the frequency of the mode. The overall structure of the modes is therefore changed in the following way (schematically):
RQ are smaller than the non-radiative perturbations δ (1) NQ by terms of order O(β/ω N ). The radiative correction ω R to the frequency, is smaller than ω N by a term of order O(β/ω N ) 2 , so we ignore that change here, setting ψ = ψ N .
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The radiative corrections to the r-mode, δ N Q, the resulting system of equations can be divided into parts proportional to sin ψ N and cos ψ N respectively, each of which must vanish separately. The resulting equations can be divided further into a set that determines δ Rρ + , δ
RÛ + , and δ − . The equations that determine the radiative corrections having the same φ-parity as the classical non-radiative rmodes are then
These equations are homogeneous and are identical to those satisfied by the classical r-modes. The solutions for δ
RÛ − , and δ + . The effect of adding these radiative corrections to the classical r-modes is simply to re-scale its amplitude. We choose to keep the amplitude, α, of the mode fixed, and therefore without loss of generality we set
It follows that the first-order radiative corrections have φ-parity opposite to that of the classical r-modes: δ
RÛ + , and δ 
. It is also easy to show that the imaginary part of the frequency β is proportional to D for a mode with
determined by the equations
The general solution to the inhomogeneous system, Eqs. (40)- (42), for δ
RÛ , and δ
(1) Rv a consists of an arbitrary solution to the homogeneous equations (obtained by setting βδ
⊥ f a GR = 0) plus a particular solution. These homogeneous equations are identical to Eqs. (36)-(38), so their general solution is a multiple of the classical r-modes. Because their φ-parity is opposite to that of the classical r-modes the effect of the homogeneous contributions δ
(1) Rv a is to change the overall phase of the mode. We choose (by appropriately adjusting the time that we label t = 0) to keep this phase unchanged, and we can therefore, without loss of generality, set to zero the homogeneous parts of the solutions to Eqs. N Q e βt .
B. Second-Order Perturbations
The second-order perturbation equations are a sum of terms linear in δ (2) Q and terms quadratic in δ (1) Q. For example, the second-order perturbation of the Eu-
, includes the term
v a , which serves as an effective source term for the second-order perturbations δ (2) v a and δ (2) U . In the absence of gravitational radiation reaction, it follows that the second-order Newtonian r-mode δ N Q is a sum of terms of three kinds: a term with angular and temporal dependence cos(2ψ N ), where ψ N = mφ + ω N t, a term with dependence sin(2ψ N ), and a term that is time independent and axisymmetric. This time-independent axisymmetric part of the velocity perturbation can be regarded as differential rotation. As we have emphasized in the Introduction, the second-order Newtonian r-modes are not determined uniquely: Given a particular solution δ (2) N P Q to the second-order Newtonian perturbation equations with perturbed velocity field δ N Q with perturbed velocity field δ
N Ω(̟) is arbitrary. This degeneracy is broken by gravitational radiation reaction. The presence of the radiation-reaction force picks out a unique δ (2) v a that displays the gravitational radiation driven growth of the second-order rmodes: δ (2) v a ∝ e 2βt . To find this differential rotation law, one must solve the second-order axisymmetric perturbation equations with radiation-reaction force for the axisymmetric parts of the second-order r-modes. Denote the axisymmetric part of a perturbation δQ by δQ , and denote by δ (2) Ω the exponentially growing differential rotation of the unstable r-mode:
Without solving the full system, however, one can obtain a formal expression for δ (2) Ω in terms of the known first-order perturbation together with other parts of the second-order axisymmetric perturbation. As we will see in the next section, this expression is all that is needed to find δ (2) Ω to lowest nonvanishing order in Ω: The other parts of the second-order perturbation give only higherorder contributions. Finding this formal expression for δ (2) Ω and showing that it is unique are the goals of the present section.
We now turn our attention to solving the perturbation equations for the axisymmetric parts of the second-order r-modes. The axisymmetric parts of the second-order perturbations can be written in terms of their radiative and non-radiative pieces:
These quantities are determined by the second-order axisymmetric parts of the perturbed stellar evolution equations:
The uniqueness of the second-order differential rotation δ (2) Ω can be seen as follows. Let δ (2) Q and δ (2) Q be two solutions to the second-order perturbation equations, Eqs. (45), (46), and (47), associated with the same time-dependence e 2βt and with the same firstorder solution δ
( 
We now obtain equations for δ R Q. Keeping terms to first order in β, the terms quadratic in first-order perturbed quantities that appear in Eqs. (45) and (46) have the forms,
The non-radiative parts δ
N Q of the perturbations are determined, up to a perturbation that adds differential rotation δ (2) N Ω(̟), by the axisymmetric parts of the Newtonian Euler and mass-conservation equations:
Given a particular solution δ
N P Q to these equations, we want to find the remaining contribution δ N Ω(̟) to the differential rotation of Eq. (43) that is picked out by the radiation-reaction.
We assume the radiative part of the perturbation, δ (2) R Q , contains no non-radiative terms. That is, δ (2) R Q is created entirely by the radiation reaction forces, and is therefore proportional to the radiation reaction rate β. When δ 
To find an expression for δ
N Ω(̟), we first write δ
N Ω(̟)φ a and move the term involving δ
N P v a to the right side of Eq. (55):
We next write the components of the axisymmetric part of the second-order perturbed Euler equation, Eq. (56), in cylindrical coordinates:
Using Eq. (58a) to determine δ
R v ̟ , the axisymmetric part of the second-order mass conservation Eq. (55) can be written as
The star's surface is defined as the p = 0 surface. Because δ (2) ρ is a derivative evaluated at α = 0, it has support on the unperturbed star. While the density perturbation δ (2) ρ may not be finite for all equations of state at the surface of the star, it is integrable in the sense that δ (2) dzρ is finite, as one would expect from the integrability of the mass-conservation condition in Eq. (17).
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We denote by z S (̟) the value of z at the surface of the unperturbed star. Multiply the second-order mass conservation equation, Eq. (59), by 2̟Ω/β and integrate from −z S to z S , to obtain
All of these integrals are performed by extending the domain of integration to extend slightly beyond the surface of the unperturbed star, i.e. we integrate from −z S − ǫ to z S + ǫ and then take the limits as ǫ → 0 + . The second integral on the right side of Eq. (60) can be re-written as
Here we have used the fact that, when ∂ ̟ acts on the limits of integration in this integral, the terms involving z ′ S (̟) at z S (̟) + ǫ and −z S (̟) − ǫ vanish because the integrand vanishes outside the star.
The expression in Eq. (60) can then be integrated from ̟ = 0 to ̟, using Eq. (61), to obtain an expression for δ (2) N Ω(̟):
Because of the axisymmetry of its integrand, the third term on the right side of Eq. (62) is, up to a factor of 2π, the volume integral of a divergence. The boundary of the three-dimensional region of integration has two parts: One is just outside the surface of the star, where δ
R W a vanishes; the second is the cylinder at constant ̟ from −z S to z S , with outward normal ∇ a ̟ and element of area ̟dφdz. The term is then given by
With this simplification, Eq. (62) can be written in the form:
This provides a formal expression for δ
N Ω(̟) in terms of the first-order perturbations that comprise δ
R F φ and δ
R W ̟ and the second-order perturbation δ
N ρ . Together with δ
N P v φ , it determines the differential rotation of the unstable r-mode.
We conclude this section with a discussion of two simplifications in evaluating δ (2) N Ω(̟), one from the fact that we work to first order in the growth rate β, the second from the slow-rotation approximation of the next section. The first is a simplification of the expression Eq. (64) for the radiation-reaction force. The integrand of the first term in Eq. (64), ρ δ (2) R F φ , is given by the φ-component of Eq. (57):
To evaluate δ
R f φ GR , we must find the axisymmetric, second-order, part of the expression for δ f GR on the right side of Eq. (21) . Recall that the axisymmetric parts of any second-order quantity have time dependence e 2βt . The first three terms in the bracketed expression in Eq. (21) involve high-order time derivatives of δ (2) I ℓ0 or δ (2) S ℓ0 , and are therefore proportional to high powers of β and can be neglected. We are left with only the fourth term,
The second simplification involves the quantities δ 
As we will see in the following section, these terms and the term involving δ N Ω(̟) for slowly rotating stars using Eq. (64). This fact is essential, because δ N Ω. This discussion has been somewhat abstract but quite general. Apart from assuming the integrability of the perturbed density so that mass conservation, Eq. (17), can be enforced, no assumption has been made up to this point about the particular equation of state of the matter in these stellar models, nor has any assumption been made about the magnitude of the angular velocity of the star. In order to proceed further, however, we will need to assume that the stellar model is slowly rotating in a suitable sense. To find an explicit solution for δ (2) N Ω(̟), we will also need to make some choice for the equation of state for the stellar matter. The slow rotation assumption and its implications are discussed in Sec. IV, while the complete solution for δ (2) Ω, the second-order r-mode angular velocity that is driven by gravitational radiation reaction, is determined in Sec. V for the case stars of composed of matter with a range of polytropic equations of state.
IV. SLOW ROTATION EXPANSION
We consider the one-parameter families of stars Q = Q(Ω) composed of matter with a fixed equation of state, and having masses that are independent of the angular velocity: M (Ω) = M 0 . The structures of slowly rotating stellar models in these families are conveniently written as expansions in the dimensionless angular velocity,
where Ω 0 = M 0 /R 3 , and M 0 is the mass and R the radius of the non-rotating star in the sequence. The slow rotation expansion of these stellar models is denoted,
For equilibrium rotating stars these expansions of the basic fluid variables have the forms:
We will represent the perturbations of these stellar models δQ as dual expansions in the mode amplitude α and the angular velocity parameter Ω:
Our main goal here is to determine to lowest-order in angular velocity the axisymmetric part of the secondorder perturbations of the r-mode angular velocity field δ
R v φ that is driven by the gravitational-radiation instability. Doing this requires the explicit slow-rotation forms of the first and the second-order perturbations. These slow-rotation expansions are described in the remainder of this section.
A. First Order Perturbations
The effect of the first-order gravitational radiationreaction force δ (1) f GR on the structure of the classical r-mode (beyond its overall effect on its amplitude) was first studied (for ℓ = 2) by Dias and Sá [17] . We agree with the results they obtain but will need to clarify their meaning. We also extend the calculation to general values of ℓ.
To first order in mode amplitude α and lowest nontrivial order in angular velocityΩ, the classical r-modes with the φ-parity described in Sec. III A can be written the form
where ℑ(Z) is the imaginary part of a quantity Z. An equivalent expression for the classical r-mode velocity in terms of vector spherical harmonics is
where A ℓ is given by
The frequencies of these classical r-modes have the form
At this order in Ω, the r-modes do not affect the fluid variables δρ and δp, which are O(Ω 2 ). Because of this, the r-mode velocity field at order Ω does not depend on the equation of state.
Four features of the gravitational radiation-reaction force are important in determining the way it alters each r-mode: a) The φ-parity of δ (1) f GR , as shown in the last section, is opposite to that of the classical mode; b) its magnitude, as shown below, is dominated by the current current multipole S ℓℓ ; c) it can be decomposed in the manner
where the two terms in the decomposition are orthogonal with respect to a density-weighted inner product,
⊥ f GR = 0; and d) as we show below, δ
It is straightforward to evaluate the multipole moments of the r-modes using Eqs. (22) and (23) and the expressions for the classical r-modes from Eqs. (76) and (77). The expressions for the non-vanishing multipole moments of the r-modes can be written in the form
Inserting these expressions into the formula for the gravitational radiation-reaction force, Eq. (21), we find
This expression can be re-written as a linear combination of r ℓ Y ℓℓ B and ∇(r ℓ Y ℓℓ ) using the identity
The resulting expression for δ
N f GR can therefore be written in the following way:
where β is given by
and where δ
This expression for δ
⊥ f GR can be rewritten as a gradient,
Eqs. (86) and (89) give the decomposition of Eq. (82), and the orthogonality of the two parts,
is implied by the relation
is the volume element on the sphere:
At this order in Ω, the density ρ 0 plays no role in the orthogonality, but it is with respect to the density-weighted inner product that the operators appearing in the perturbed Euler equation are formally self-adjoint.
It follows that δ
⊥ f GR is the part of the gravitational radiation-reaction force that does not contribute directly to the exponential growth of the classical r-mode instability and that the coefficient β is the growth rate of the gravitational radiation driven instability in the r-modes. Substituting into Eq. (87) the expressions for N ℓ from Eq. (10), and the r-mode frequency ω from Eq. (81), gives
which agrees with the expression for the gravitational radiation growth rate of the r-mode instability given in Lindblom, Owen and Morsink [3] . These expressions for the slow rotation limits of the radiation-reaction force confirm the general expressions, e.g. Eq. (31), used in our discussion of the general properties of the first-order r-modes in Sec. III A. It follows from that discussion that the general form of the first-order rmode velocity, to lowest order in the angular velocity of the star, is given by
To evaluate δ N Ω using Eq. (64), we need to determine δ 
The value of δ 
which involves only δ
R v. Its two independent components give two relations for the three components of δ 
From its definition in Eq. (89) it follows that δ (1)
. Dias and Sá [17] find, for an ℓ = 2 perturbation, a solution δ
R U that is a sum of a) our solution with δ 
B. Second Order Axisymmetric Perturbations
In computing the quadratic terms that enter the second-order perturbation equations, it will be useful to have explicit expressions for the classical r-mode δ
From these one finds explicit expressions for the cylindrical components of the quadratic term δ
1 , which appears as a source in the second-order Euler equation, Eq. (45):
The axisymmetric parts of the non-radiative secondorder perturbations δ N E a are given by:
The integrability conditions for these equations, δ
N E a = 0, are given by ∇ [a δ
N E b] = 0. In cylindrical coordinates, the lowest-order in angular velocity parts of these integrability conditions are
These conditions, together with the requirement that the solution is nonsingular on the rotation axis, determine δ N Ω(̟) As before, we denote a particular choice by δ
The remaining component, δ 
This equation, together with Eq. (102), shows that the only non-singular solution for δ
The scalar parts of the second order non-radiative r-mode, δ N U is determined by integrating the perturbed Euler Eqs. (100a) and (100b) . The axisymmetric part of the solution, to lowest order in angular velocity, is given by
N C 2 is a constant. The pressure as well as the density perturbations, δ (2) p and δ (2) ρ, are related to δ (2) U as follows,
where γ = d log p/d log ρ is the adiabatic index. For the r-modes, the first-order perturbations δ (1) p and δ (1) ρ are O(Ω 2 ). So at lowest order in angular velocity, the relation between δ (2) U and δ (2) ρ simplifies to
The gravitational potential δ (2) Φ is determined by solving the perturbed gravitational potential equation,
For the r-modes, to lowest order in the angular velocity, this equation my be re-written as
Using the expression derived in Eq. (106) for the axisymmetric part of δ 
Finally, we use Eq. (64) to obtain an explicit formula for the second-order differential rotation, δ N Ω(̟), in terms of the second-order radiation-reaction force and the second-order velocity perturbation δ
Of the three terms on the right side of that equation, we will see that the second and third are higher order in Ω than the first, and we will evaluate the first term to leading order in Ω.
We first use Eq. (66) to find an explicit form for the second-order radiation-reaction force δ 
N S ℓℓ , we find
The second term δ In the final term, δ
R V φ , by its definition (50), is proportional to a product of components of δ 
N v = O(Ω), and we found in Sect. IV A that δ
. From Eqs. (65), (112), and (103), we have
Equation (113) 
, and the term itself is O(Ω 3 ), two orders higher than δ
, whence the last term is again O(Ω 3 ). With the dominant term in Eq. (64) determined by δ
This integrand can be re-written in a more explicit form using Eqs. (113) and (103):
where Υ(̟) is the equation-of-state dependent, massweighted average of (z/R) 2 ,
The limits of integration, ±z S (̟), in this expression are the ̟ dependent values of z at the surface of the equilibrium star. To lowest order in Ω these limits are the same as those in a spherical nonrotating star:
The part of the second-order differential rotation that is not explicitly caused by the radiation-reaction force, δ 
Together Eqs. (115) and (118) determine (to lowest order in Ω) the time-dependent differential-rotation induced by gravitational-radiation reaction:
The key result of this section is the derivation of an explicit expression (114) for δ (2) N Ω(̟) in terms of the first-order r-mode. An expression of this kind exists because the rest of the second-order perturbation, the perturbed density, pressure, and potential, are higher-order in Ω. Like the velocity field of the first-order r-mode, the second-order differential rotation of the unstable rmode can be found without simultaneously solving for the perturbed density and pressure.
This separation of orders also leads to an iterative method for solving the second-order Newtonian perturbation equations at successive orders in Ω that mirrors the method we have just used to determine the axisymmetric parts of δ
N p, and δ
. At each order, the ambiguity in the Newtonian differential rotation is resolved by using Eq. (64). We assume that the first-order Newtonian perturbation equations have been solved to the desired order in Ω. We suppose one has found the perturbed Newtonian velocity δ 
N E a = 0 for δ The differential rotation we have found for the unstable r-mode extends the work of Sá and collaborators [15] - [17] to obtain the differential rotation of the unstable secondorder r-mode. The studies of magnetic field wind-up by Rezzolla, et al. [8] [9] [10] , which predated this work, explicitly omitted the form of the second order perturbation to the velocity field that we have computed here. These authors obtained a secular drift φ(t) in the position of a fluid element by integrating the ℓ = 2 form of the equations for the position φ(t) and θ(t) of a particle whose perturbed velocity field is found solely from the first-order perturbation δ 
The equations are nonlinear in θ(t), φ(t), and the solution is written to O(α 2 ). The axisymmetric part of the solution is again the part that is not oscillatory in time; in our notation, it has the form
(121) A secular drift obtained in this way has been used in subsequent papers by Cuofano, et al. [11, 12] , and by Cao, et al. [18] .
When one includes the second-order differential rotation δ (2) Ω of the unstable ℓ = 2 r-mode from Eqs. (119), additional terms are added to the secular drift φ(t) of a fluid element's position. The resulting expression is given for t ≪ 1/β by
(122) Using the expression for δ (2) Ω in Eq. (119), with Eqs. (115) and (118), we obtain the following explicit form for the second-order drift of an unstable ℓ = 2 rmode:
This expression for the drift φ(t) is independent of z, and therefore describes a drift that is constant on ̟ = constant cylinders. The analogous expression for the drift found previously by Sá [15] has this same feature, and Chugunov [25] observes that the drift in these modes can therefore be completely eliminated in the pure Newtonian case by appropriately choosing the arbitrary second-order angular velocity perturbation. For long times (that is, for βt arbitrary but β ≪ Ω), the time dependence t in Eq. (123) is replaced by (e 2βt − 1)/2β. This expression is not of order 1/β, but satisfies the bound
for t > 0.
V. POLYTROPIC STELLAR MODELS
In this section we evaluate Eq. (119), to determine the changes in the rotation laws of uniformly rotating polytropes that are induced by the gravitational-radiation driven instability in the r-modes. Polytropic stellar models (polytropes) are stars composed of matter whose equation of state has the form
where K and n, the polytropic index, are constants. We start with the simplest case, n = 0, the uniform-density models. The only dependence of the differential rotation δ (2) Ω on the equation of state is in Υ(̟), the ratio of integrals defined in Eq. (116). These integrals can be evaluated analytically in the uniform-density case:
Combining this result with Eqs. (115), (118) and (119), gives
In particular, for the ℓ = 2 r-mode, the radiation-reaction induced differential rotation has the form
which is positive in a neighborhood of the poles and negative near the equatorial plane. Figure 1 illustrates the gravitational-radiation driven differential rotation δ (2) Ω/Ω from the ℓ = 2 r-mode instability evaluated on a cross section through the rotation axis of a slowlyrotating uniform-density star. The equilibrium structures of n = 1 polytropes can also be expressed in terms of simple analytical functions, but the integrals that determine Υ(̟) in Eq. (116) can not. We therefore evaluate these quantities for all the n = 0 polytropes numerically.
The structures of the non-rotating Newtonian polytropes are determined by the Lane-Emden equations, which are generally written in the form,
where θ is related to the density by ρ = ρ c θ n , with θ = 1 at the center of the star and θ = 0 at its surface. The variable ξ is the scaled radial coordinate, r = aξ, with We solve Eq. (129) numerically to determine the LaneEmden functions θ(ξ), use them to evaluate the density profiles of these stars, ρ(r) = ρ c θ n , and finally perform the integrals numerically in Eq. (116) that determine Υ(̟). Figure 2 illustrates the results for a range of polytropic indices. Figure 3 illustrates the differential rotation induced by the gravitational-radiation driven instability in the ℓ = 2 r-modes for polytropes having a range of polytropic indices n. Figure 4 illustrates the differential rotation induced by the gravitational-radiation induced instability in the r-modes of n = 1 polytropes having a range of different spherical harmonic mode index ℓ values. The symbols in Table I are listed by order of appearance in the paper, starting with Sec. II. We omit a few symbols that are used only where they are defined. N Ω(̟) δ The expressions for the time averaged gravitational wave energy and angular momentum fluxes implied by the radiation reaction force f GR given in Eq. (7) are given by
The expression given here for the angular momentum flux, Eq. (B2), is somewhat more compact than the standard post-Newtonian expression (cf. Thorne [19] Eq. 4.23). We express this flux in terms of the magnetic type mass and current multipole moments, I 
Using this transformation, Eq. (B2) reproduces the standard post-Newtonian expression (cf. Thorne [19] Eq. 4.23).
Appendix C: Ordering in Ω of δ
R Q
To make the heuristic argument of Sect. IV A more precise, we use the two-potential formalism of Ipser and Lindblom [26] to write an explicit form for δ 
where the inverse of Q −1 ab is the tensor Q ab = Ω −1 Q ab , with
(C3) With δ 
R Φ = 4πρ dρ dp ( δ (1) 
To find the orders in Ω of δ
R v, δ
R U and δ
R Φ, we begin with the relations δ 
Finally, Eq. (C2) implies
